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Let H be a real Hilbert space and let V, W be real Banach spaces with 
V C WC H. We assume that V is dense in W and H, and that the natural 
injections from V into Wand from W into H are both continuous. We identify 
H with its dual H* (i.e., V C WC NC W* C V*). Pairing between V* and 
V is denoted by (., .). 
Let us consider the nonlinear evolution equation of the form 
u”(t) + B(t) u’(t) + Au(t) = 0 on R+ == [O, m), (1) 
where B is the FrCchet derivative of a nonnegative functional FA(u) on V and 
B(t) is a bounded operator for each t from W to W*. 
Regarding the operators A and B(t), we make the following assumptions. 
(AI) For each d > 0, the set (U E V 1 FA(u) < d} is bounded, and 
(Au, u) >, kAA(u) for u E Vwith k, > 0. 
(AZ) The operator B(t) satisfies the inequalities 
&h(t) II ~1 G’ > II R(t>v jlw= and (B(% 4 2 h(t) ii u 11’2” 
for v E IV, where kl (> 0), Y (> 0) are constants and h(t) is a function on Rf 
such that h(t) 3 h > 0. 
We also use the following assumption on A, which is stronger than A1 . 
(A;) flA(u) >, k, II u II:+:‘” for u E V 
with some k, > 0. (The independence of A oft is assumed mainly for simplicity.) 
Recently the author [4] investigated the decay property, as t -+ co, of solutions 
of (1) in the case B(t) is independent of t,” and subsequently [5], the case 
“A and B depend on t.” In [5], however, we are interested in the case “/I(t) 
and (or) B(t) tend to 0 as t -+ cc” in a certain sense, and little attention is paid 
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to the case in which they are unbounded with respect to t. In this paper we 
study the decay property of solutions of (1) under some restriction on the growth 
of h(t) when k(t) may grow up as t + co. 
Recently, Artstein and Infante [l] considered the ordinary differential equation 
n(t) + h(t) L+(t) + kx(t) = 0 (k > 0). (21 
They showed that if si h(t) dt < const T2 (T > 0), any solution x(t) of (2j 
approaches 0 as t -+ co; that is, lim,, x(t) = lim,,, a(tj = 0. The above 
condition on h(t) is the best possible in the sense that if ji h(t) dt > const T”* 
for some E > 0 there may be a solution x(t) which does not tend to 0. However, 
in [l] no result concerning the speed of decay is given. 
The object of this paper is not only to extend the result of fl] to the more 
general abstract equation (1) but also to give the precise rate of decay as t + co. 
Quite recently, Nanbu and the author [6] extended the result of [l] to Eq. (1). 
In [6], however, I/ u’(t)[lH is assumed to be uniformly continuous in t, whereas 
here we do not require such a condition. No result on. the decay rate is given 
in [6]. 
1. PRELIMINARIES AND RESULTS 
First, we state our definition of solutions of (1). 
DEFINITION. A V-valued function u(t) on R+ = [O, CD) is said to be a 
solution of (E)if 24 E C(R+; V), 24’ E C(R+; H) n L;,i(R+; W), UN EL;oc(R+; V”), 
and Eq. (1) is valid in V* for a.e. t E R+. 
Let u(t) be a solution of (1). Th en we have, formally, the conservative equality 
E(&)) - E(u(t,)) + l:' (B(s) u'(s)y u'(s)) ds = 0, (1.1) 
where we set 
Moreover we have, by integration by parts, 
for tl , tz E R+. 
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Throughout the paper we consider only the solutions satisfying (1.1) and (1.2), 
which seems not to be so restrictive in practical problems. 
For our purpose we use the following lemmas. 
LEMMA 1.1 [l]. Let a, , up ,... be a sequence of positive numbers with the 
property that, for some No , 
12 
1 ai < N,,n2. 
i=l 
Then we have XL, (1 /ai) = co. 
LEMMA 1.2 [5]. Let 4(t) be a no~znegative function on [0, CO) satisfying 
SEE-L 4(s) 
l+= < C&l + t>“($(t> - $(t + 1)) + g(t), 
where C,, is a positive constant. Then we have the following decay properties of C(t). 
(i) If 01 > 0, /3 = 1 and lim,,,(log t)l+‘/“g(t) = 0, then 
4(t) < Cl(l%(l + W’“. 
(ii) If 01 > 0, 0 < p < 1 and lim,,, t(l-fl)(l+llE)g(t) = 0, then 
$b(t) < C*(l + t)-+“)/a. 
(iii) If o1 = 0, /I = 1 andg(t) < const(1 + t)pe-l, then 
C(t) < C,(l + ty with 8’ = min(C;l, 0). 
(iv) If 01 = 0, 0 < /I < 1 and 
g(t) < con41 + tY exp I- (co + “;,;1 _ B)/ 
with some 0 > 1, then .we have 
In the above, Ci (i = 1, 2,...) denote the constants depending on q%(O) and other 
known constants. 
Now we state our theorems. 
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THEOREM 1.1. Let u(t) be n solution of (1) satz$jGng (l.l)-(1.2). In a&zXon 
to (Al) and (A,), we uSSUl7ze 
J 
.t 
h(s) ds < const(1 + t)rf”. 
0 
(1.3) 
Thus we haae linzt+m E(u(t)) = 0. 
Remark 1. Roughly speaking, condition (1.3) is equivalent to h(t) < 
const(1 + tJrfl. 
THEOREM 1.2. Let us assume (AI) and, (A,), and let 
h(s) ds < const(1 + t)@ (1.4) 
with 0 < 0 < r + 1. Then u(t), a solution of (1) satisJLing (l.l)-(1.2), sutis$es 
the following decay properties. 
(1) If r > 0, B = r f 1 and p > r, then 
E@(t)) < C(log(1 + t))-(n+e)(r+l)l(P-r). 
(2) If~>,O,B=r+landO<p<r,then 
E(u(t)) < C(1 + t)-” 
for a certain 71 > 0, which may depend on E(u(0)). 
(3) Ifr>O,r+(p+2)r/(p+pr+r)<B<r+landp>r,then 
E@(t)) < C(1 + t)-(P+2)(1+7-e)/(P-r). 
(4) Ifr>0,0<0<r+(p+2)P/(p+pr+r)artdp>r, then 
E&(t)) < C(e)(l + t)-(PfwP+Prfr)fe 
for any E > 0. 
(5) Ifr>O,O<B<r+landp<r,then 
E@(t)) < C(E)(l + t)-l/r+E 
for any E > 0. 
(6) If r >, 0, ~9 = 0 andp > 0, the-n 
E(u(t)) < C(1 + t)-(p+w(P+w+~). 
(7) If r = 0,O < 8 < 1 andp = 0, then 
E(u(t)) < C exp{-CFe). 
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For simplicity of notation, in the above and hereafter, we denote by C various 
positive constants which may depend on E(u(0)) and other known constants. 
2. PROOFS OF THEOREMS 
In this section we prove the above theorems. 
Let u(t) be a solution of (1). Then we see by (1 .l) that E(u(t)) is a decreasing 
function with respect to t. Hence Em,, E(u(t)) exists. We must show that this 
is zero. For this purpose and for later use we derive a difference inequality 
for E(u(t)). First, by (l.l), we have 
h &+’ 11 u’(s)I]TW+~ ds < if+’ (B(s) u’(s), u’(s)) ds 
= E(u(t)) - E(u(t + 1)) 
(= D(t)‘“). 
(1.1) 
Therefore, there exist ti E [t, t + $1, t, E [t + 2, t + 11 such that 
II Wi)llW < cw, i = 1,2, 
and hence, by (1.2) and Aa , 
+ f” 44 II ~4>llrw+1 II Ww ds. (2.2) 
t1 
The last term of (2.2) is estimated as follows. 
s 
h 
h(s) II Wlrwtl II 44llw ds 
t1 
<c ( Lt+’ h(s) ds)1’(r+2) ( sttil 
ft+2) / (T+l) 
> 
(r+l)/cr+2) 
W) II 4Nw+2 II mla ds 
<C (it+’ h(s) ds)l’(T+Z)(~t+l h(s) I] u’(s)II+W+~ ds)(r+l)i(T+2’ rmc, 11 u(s)llv 
where we have used assumption (A,), and we set 
u(t) = 1”” h(s) ds. 
t 
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Thus by (2.2) we have 
Now, suppose that lim,, E(ac(t)) + 0, i.e., 
E(u(t)) > 6 > 0 (2.5) 
for some constant 6. Then, since (1 ~(t)[[~ is buunded (by (A,)) and 
IimtAcc. D(t) = 0, we see easily from (2.5) that there exist a constant 6, > 0 
and a time T > 0 such that 
E(u(t)) - E(u(t f 1)) > Bla(tyl(‘+l) 
for t > T, and hence 
%4TH - WU -+ n)) > 6, i a( T -+ i)--I’(v+i-I) (2.6) 
i=O 
for any positive integer n. 
However, by our assumption (1.3), we have 
Therefore by Lemma 1.1 we obtain 
g a(T f II)-“‘~~+-~) - m, 
which is a contradiction to (2.6). The proof of Theorem 1.1 is now completed. 
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Starting from estimate (2/i), we prove Theorem 1.2. Using assumption (A;), 
we can obtain from (2.4) (note that F,(u) < E(u)) 
< C(D(t)~ + D(tp+2”‘P+1 + a(t) (D+a/(P+l)(rtz) ~(~)'r+l,cP+",l(P+l) 1 (2.7) 
< C(D(t) i (1+~)I(Pfl) + a(t)(~+%)!(p+l)(r+2) D(t)(r+l)(ptz)l(~+l)). 
When Y > 0, Young’s inequality yields 
D(t) < C((1 + t)@i(r+S) D(t)‘+1 + (1 + t)-olr(f+a)), 
and hence we can rewrite (2.7) as follows. 
< C{(l + ,)~“‘“‘(E(@)) - E(z+ + 1))) + (1 + t)-e’r(r+l)). (2.8) 
When r = 0, we obtain from (2.7) 
sexual, E(~~(s))(~+~)(~+l)‘(e+e) < C(1 + t)s(E(u(t)) - E(u(t + 1))). (2.9) 
Assertions (l)-(3), (6), and (7) in Theorem 1.2 follow immediately if we apply 
Lemma 1.2 to (2.8) or (2.10) with $(t) = E(u(t)), 01 = (P + l)(r + 2)/ 
(P + Z)(Y + 1) - 1 (or P/( P + 2)), /I = S/(r + I), and g(t) = (I + t)-eIF(“+l) 
(or 0). Assertion (4) is a consequence of (3). Indeed, if 19 satisfies condition (4), 
h(t) of course fulfills 
.t+1 
I h(s) ds < C(1 + t)O < C(l + Q8 t 
with any 0’ such that 0’ > r + (p + 2) r/( p + pr + r). Hence we can apply 
the result of (3) with 6’ replaced by 0’, which proves (4). 
Finally, we must prove (5). In this case we have 
(7 t 2)( P + I>/( P + 2)(r + 1) < 1, 
and hence by (2.8) 
sEy& J%(s)) 1+a < C,{(l + t)a(E(U(t)) - E(zlQ + 1))) + (1 + t)+@+l)) (2.10) 
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with any 01 > 0 and p > e/(r -+ l), w h ere we have used the boundedness of 
E(u(t)). We choose c0 , CA , CX, and j3 as follows. 
Then 
lim (1 + t)(l-B)(l+lld(l + t)- B!rw+l) 
ticc 
= ;+%(I f q-%+4 = 0. 
Therefore, applying Lemma 1.2(ii) to (2.10) we obtain 
E(u(t)) < C(Eu ) Ek)(l + tj+. (2.11) 
Since 6 and 6 may be chosen arbitrarily close to Y + 1 and 6s , respectiveiy, 
we obtain from (2.11) 
E@(t)) < C,(l + t)++ 
for any E > 0. The proof of Theorem 1.2 is completed. 
3. SOME EI~AMPLES 
For illustration we give two typical examples. 
EXAMPLE 1. Consider the ordinary differential equation 
2(t) + h(t) 1 x(t)lT k(t) f k / x(t)lp x(f) = 0 (3.1) 
on t > 0 (k > O,p, T > 0). In this case we can take V = IV = H = R (real 
line) and 
Equalities (1 .l) and (1.2) are, of course, valid for any usual solution x(t). Riore- 
over, assumptions (A;) and (A,) are satisfied with the above r and p. Therefore 
if h(t) > 12 > 0 and (1.3) is satisfied we can apply the result of Theorem 1.2 
to (3.1). Let us consider some special cases. If P >, 0, B = r + 1, and p > Y, 
then by (1) of Theorem 1.2 we have 
62 MITSUHIRO NAKAO 
andifr>O,B=r+l,andO<p,(rwehaveby(2) 
E(@)) d cc1 + Q” for some 7 > 0. 
EXAMPLE 2. Consider the nonlinear wave equation 
g 24 - Au + h(t)p (x, 4 24) + /3(x, u) = 0 0nQ X R+ (3.2) 
with the boundary condition u j ao = 0, where D is a bounded domain in the 
n-dimensional Euclidean space R I$, aQ is its boundary, and d is the Laplacian. 
Regarding p and /3 we assume 
and 
c, j s jr+2 < p(x, s) s < c, [ s jr+2, 
where C,, , C, , C, are some positive constants and (Y, Y are constants with 
if n>2 and 0 <LX, r < co if n = 1, 2,... , 
Then, under some additional conditions of measurability (in x), continuity 
(in s), and monotonicity (in s) on /?(x, s) and p(x, s), there exists a solution U(X, t) 
for each initial datum U(S, 0) = U,,(X) E&~(Q), (a/at) ~(0, x) = zcr(x) eL2(Q), 
satisfying 
u E C(R+; i&(Q)), u’ E C(R+; L2(Q)) n PI-“(R+; L’+(Q)) 
(see, e.g., [2, 31, etc.). Thus for Eq. (3.2) we can take 
H = L2(Q), Y =I?@) and TV = L’+yQ). 
Of course, in this case 
Au = -Au + /3(x, u) and B(t) f.J = h(t) p(x, v). 
It is easy to see that conditions (AI), (AJ are satisfied with p = 0, Y = Y. 
Moreover equalities (l.l), (1.2) are known to be valid (see [7]). Thus if h(t) 
satisfies (1.3) we can conclude the results of Theorems 1.1 and 1.2 with 
and withp = 0. 
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4. REMARK TO FIRST-ORDER EQUATION 
Our method can be applied in a simpler manner to first-order equations of 
the form 
B(t) u’(t) + Au = 0. 
The result can be applied, for example, to the familiar equation 
with u jeR = 0. But we omit the details. 
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